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In a recent work, [Phys. Rev. D. 94, 104010 (2016)], hereafter Paper I, we have numerically
studied different prescriptions for the dynamics of a spinning particle in circular motion around
a Schwarzschild black hole. In the present work, we continue this line of investigation to the
rotating Kerr black hole. We consider the Mathisson-Papapetrou formalism under three different
spin-supplementary-conditions (SSC), the Tulczyjew SSC, the Pirani SSC and the Ohashi-Kyrian-
Semerak SSC, and analyze the different circular dynamics in terms of the ISCO shifts and the
frequency parameter x ≡ (MΩ)2/3, where Ω is the orbital frequency and M is the Kerr black hole
mass. Then, we solve numerically the inhomogeneous (2 + 1)D Teukolsky equation to contrast the
asymptotic gravitational wave fluxes for the three cases. Our central observation made in Paper I
for the Schwarzschild limit is found to hold true for the Kerr background: the three SSCs reduce
to the same circular dynamics and the same radiation fluxes for small frequency parameters but
differences arise as x grows close to the ISCO. For a positive Kerr parameter a = 0.9 the energy
fluxes mutually agree with each other within a 0.2% uncertainty up to x < 0.14, while for a = −0.9
this level of agreement is preserved up to x < 0.1. For large frequencies (x & 0.1), however, the
spin coupling of the Kerr black hole and the spinning body results in significant differences of the
circular orbit parameters and the fluxes, especially for the a = −0.9 case. Instead, in the study of
ISCO the negative Kerr parameter a = −0.9 results in less discrepancies in comparison with the
positive Kerr parameter a = 0.9. As a side result, we mention that, apart from the Tulczyew SSC,
ISCOs could not be found over the full range of spins: For a = 0.9, for the Ohashi-Kyrian-Semerak
SSC ISCOs could be found only for σ < 0.25, while for the Pirani SSC ISCOs could be found only
for −0.68 < σ < 0.64. For a = −0.9, for the Ohashi-Kyrian-Semerak SSC ISCOs could be found for
σ < 0.721.
PACS numbers: 04.25.D-, 04.30.Db, 95.30.Sf
I. INTRODUCTION
The Mathisson-Papapetrou equations (MP) [1, 2] in
the pole-dipole approximation describe the motion of a
spinning test-body in a curved spacetime, once the cen-
troid of the body is decided. A centroid is a single ref-
erence point inside the body, with respect to which the
spin is measured, and it is fixed by applying a spin sup-
plementary condition (SSC). The worldline of the cen-
troid represents the worldline of the extended test-body.
From this point of view, the dynamics of the extended
test-body is reduced to the dynamics of a point, and,
therefore, the test-body is often called a test-particle.
There are different SSCs (see, e.g., [3] for a recent re-
view) and each SSC defines a different centroid for the
body. Thus, one test-body can have different test par-
ticle descriptions. One would expect that the different
descriptions should be equivalent. Indeed, the radius in
which different centroids have to lie in order to describe
the same physical body is equal to S/µ [4], where S is
the measure of the spin and µ is the mass of the spin-
ning body. This radius is known as the Mo¨ler radius.
Moreover, in [5] it was shown how to describe the same
body with two different SSCs. Namely, this is done by
shifting from the centroid of one SSC to the centroid de-
fined by another SSC, and by performing certain trans-
formations of the spin. Thus, if after such a shift the
new centroid lies inside Mo¨ler radius, then the two cen-
troids should describe the same body. Having these facts
in mind, one would expect that a SSC just expresses a
gauge freedom. While this intuition holds true for flat
space, the issue gets more complicated on a curved back-
ground. Namely, it has been shown that worldlines that
start as equivalent descriptions of the same body will
diverge in such a way that after a while they cannot de-
scribe the same body anymore [5]. This implies that
in the pole-dipole approximation a SSC is not exactly a
gauge freedom, or equivalently, it implies that the pole-
dipole approximation fails in describing the dynamics of
an extended body. In fact, if one takes all the multi-
poles of the body into account, then a SSC should be
considered just a gauge [6]. However, when truncating
the multipole expansion at a certain order (in our case
dipole), the relations between the different SSCs can be-
come more complex than just a gauge transformation,
which motivates our study of their implications on the
dynamics and gravitational wave emission.
In Paper I, we have studied three different SSCs by
analyzing their effects on the dynamics of a spinning
particle in circular equatorial orbits (CEOs) around a
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2Schwarzschild black hole. In particular, we have com-
pared quantities that should be invariant under gauge
transformations, like e.g. the ISCO, the orbital frequency
and the gravitational wave fluxes emitted to infinity. In
the present work we expand our investigations to the Kerr
background and again examine CEOs as obtained with
three different SSCs, i.e. we consider the
i) MP with the Tulczyew (T) SSC [7],
ii) MP with the Pirani (P) SSC [8],
iii) MP with the Ohashi-Kyrian-Semerak (OKS) SSC
[5, 9].
As in Paper I, we do not claim to consider the same
extended test-body, when comparing the prescriptions
i), ii) and iii) because we do not follow the mentioned
procedure of centroid-shifting and spin-transforming ex-
plained in [5]. Instead, for each SSC we independently
solve the equations of motion such that circular orbits are
obtained and subsequently compare the dynamics and
gravitational waves over some parameter like the parti-
cle spin or the orbital frequency. One of the reasons for
this choice is that, given a circular orbit within one SSC,
if one shifts the worldline in order to align with the cen-
troid of another SSC, the obtained new worldline is not
in general a CEO anymore. For example, if for the T
SSC the worldline of the centroid is a CEO, then, af-
ter shifting the wordline to the P SSC centroid, the new
centroid will most probably follow a helical motion [10]
superposed on the averaged circular motion.
The rest of the article is organized as follows. The the-
oretical foundations of the MP formalism and the pro-
cedures to find circular orbits are kept at a minimal ex-
tent here since the respective discussions in Paper I were
already presented in a general form valid for the Kerr
spacetime. Thus, Sec. II only provides the most essential
elements of the MP dynamics, in order to allow a more
convenient reading, and presents the numerical findings
for CEOs. The results for the ISCO shifts are discussed
in Sec. III. The asymptotic gravitational wave fluxes are
analyzed in Sec. IV. Finally, Sec. V summarizes the main
findings of this work.
Units and notation: We keep all the conventions used
in Paper I. Here we just briefly mention the most elemen-
tary ones. Geometric units are employed throughout the
work, i.e. G = c = 1. The Riemann tensor is defined as
Rαβγδ ≡ ΓαγλΓλδβ − ∂δΓαγβ − ΓαδλΓλγβ + ∂γΓαδβ , where the
Christoffel symbols Γαβγ are computed from the metric
gαβ with signature (−,+,+,+). Greek letters denote
the indices corresponding to spacetime (running from 0
to 3). µνρσ =
√−g˜µνρσ denotes the Levi-Civita ten-
sor with the Levi-Civita symbol set to be ˜0123 = 1; g
is the determinant of the metric tensor. In practice, we
work numerically always with dimensionless quantities.
Namely, by setting the black hole mass M = 1, some di-
mensionful/dimensionless quantities become equivalent,
e.g. the Kerr spin parameter a = ±|~S1|/M , where ~S1 is
the spin angular momentum, and its dimensionless ver-
sion aˆ = a/M , as well as the radius rˆ = r/M . Further-
more, setting the test-body mass µ = 1 (or m = 1 for the
P SSC) the spin parameter
σ = S/(µM) (1)
can be used interchangably with S.
II. MATHISSON-PAPAPETROU DYNAMICS
This section briefly reviews the MP equations and the
characteristic features of CEOs.
A. Equations of motion
The MP equations describe the evolution of a spinning
particle’s four momentum and its spin-tensor. In their
revised form [11], they read
D pµ
dλ
= −1
2
Rµνκλv
νSκλ , (2a)
D Sµν
dλ
= pµ vν − vµ pν , (2b)
where D/dλ denotes the covariant derivative along the
four-velocity vν , since we choose λ to be the proper time,
i.e. vνv
ν = −1. By contracting Eq. (2b) with the four-
velocity, one gets
pµ = mvµ − vνD S
µν
dλ
, (3)
which shows that the four-momentum pν is in general not
parallel to vν , since the hidden momentum
pµhidden ≡ −vν
D Sµν
dλ
(4)
is in general non-zero. If the hidden momentum was zero,
then the spin tensor Sµν would be just parallel trans-
ported along the worldline, i.e.
D Sµν
dλ
= 0 . (5)
The scalar m ≡ −vνpν defines the mass with respect to
the four-velocity, while the scalar µ ≡ √−pνpν defines
the mass with respect to the four-momentum. While we
have these two ways to define a mass for the particle, the
spin’s measure is defined uniquely by
S2 =
1
2
SµνSµν . (6)
Until this point we have not defined the centroid, i.e.
the center of the mass, whose evolution in time forms
the body’s worldline. To define a centroid, we choose an
3observer represented by a future-pointing time-like vector
V µ, for which it holds that
VµS
µν = 0 . (7)
Condition (7) is the general form of a SSC. Moreover,
without loss of generality we can choose Vµ to be the
four-velocity of some time-like observer such that
V µVµ = −1 . (8)
In particular, for the P SSC V ν = vµ, for the T SSC
V µ = pµ/µ, while for the OKS SSC V µ is chosen such
that pµhidden = 0.
Once a SSC is imposed, it is possible to introduce a
spin four-vector
Sµ = −1
2
µνρσ V
ν Sρσ , (9)
whose inversion reads
Sρσ = −ρσγδSγVδ . (10)
For a stationary and axisymmetric spacetime with a re-
flection symmetry along the equatorial plane (SAR space-
time), like the Kerr spacetime, we have two conserved
quantities
E = −pt + 1
2
gtµ,νS
µν , (11)
Jz = pφ − 1
2
gφµ,νS
µν , (12)
where t is the coordinate time, and φ the azimuthal an-
gle of a coordinate system, in practice Boyer-Lindquist
coordinates, adapted to the symmetries. E represents
the energy and Jz represents the component of the to-
tal angular momentum along the symmetry axis z of the
spacetime. The above two integrals are independent of
the SSC, whereas the masses m, µ and the measure of the
spin S in general depend on the SSC. For the three SSCs
considered in this work the spin measure S is a conserved
quantity, while the mass m is not a constant of motion
only for the T SSC and µ is not a constant of motion
only for the P SSC.
When one ignores the spin of the test-body, and con-
fines oneself to the geodesic approximation, then for the
Kerr background there is another conserved quantity [12]
called Carter constant. This constant appears to be a
unique characteristic of the Kerr spacetime [13]. For the
MP a Carter-like constant has been found only in the
linear-in-spin approximation of the T SSC [14, 15]. But,
for a linear in spin Hamiltonian formulation introduced
in [16] this appears not to be the case [17]. Thus, the con-
servation of the Carter-like quantities is an open question
for the MP equations.
B. Circular equatorial orbits (CEOs)
In Sec. 2 B of Paper I, we have already given a detailed
description of the procedures that we use to find CEOs
TABLE I. Frequency parameter xISCO at the ISCO of a spin-
ning particle on a Kerr background with aˆ = 0.9 computed
for different SSCs. Entries with backslash / mean that the
ISCO values for these configurations could not be found, see
text.
σ xTISCO x
P
ISCO x
OKS
ISCO
0.90 0.460219 / /
0.70 0.442008 / /
0.50 0.422794 0.426418 /
0.30 0.402267 0.402715 /
0.10 0.380886 0.380892 0.381057
−0.10 0.360472 0.360478 0.360370
−0.30 0.343009 0.343460 0.341071
−0.50 0.329397 0.333122 0.322706
−0.70 0.319706 / 0.305499
−0.90 0.313832 / 0.289632
and ISCOs for a spinning particle for the three SSCs.
The formulas were stated in a form valid for any SAR
spacetime so they can also be applied to the present Kerr
case and are therefore omitted here. 1
We only recall that, for a given pair of (r, S), a spinning
particle CEO is uniquely characterized by the four quan-
tities vt, vφ, pt, pφ. Equivalently, either vt or vφ can
be replaced by the orbital frequency Ω = dφ/dt = vφ/vt.
We have computed these quantities for a set of (r, S) and
for aˆ = ±0.9. The results are presented in Tabs. III-VI.
Looking at these tables, we see that at large orbital radii
r the discrepancies between the SSCs are small to non-
existent, at least for the number of digits given here. As
expected, the discrepancies grow when we approach the
central Kerr BH and the curvature increases, because the
differences between the described test-particles, that are
entailed by different choices of the SSC, become relevant
through the spin-curvature coupling. We note that, at
a given radius, the discrepancies are smaller for aˆ = 0.9
than for aˆ = −0.9. This can be connected to the re-
sults on the shift of the ISCO to smaller radii for aˆ > 0,
i.e. rISCO(aˆ = +0.9) < rISCO(aˆ = −0.9), see next section
and cf. Tabs. I- II.
III. ISCO
The position of the ISCO is of importance, since it
provides a notion of the regime where most of the orbits
are stable. Moreover, the ISCO is a gauge independent
notion in the sense that an orbit cannot be stable for
one observer, but unstable for another one. Moreover, to
provide a fully gauge invariant discussion one can dump
1 In appendix A we provide two formulas that were presented in
[18] just for the Kerr spacetime in the respective SAR generalized
versions.
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FIG. 1. Top panel: The frequency parameter at the ISCO
radius, xISCO = x(rISCO), as a function of the particle’s spin σ
for the Kerr spin parameter aˆ = 0.9. Bottom panel: Relative
differences ∆xISCO of the ISCO’s frequency parameter with
respect to the one of the T SSC. For the P SSC (long dashes)
the ISCO computations fail for spins σ < −0.68 and σ > 0.64,
for the OKS SSC (short dashes) the ISCO computations fail
for spins σ > 0.25.
the orbital radius as the central parameter by arguing in
terms of the orbital frequency parameter as measured by
an observer at infinity. We therefore prefer to work with
x ≡ (M Ω)2/3 (13)
where Ω is the orbital frequency. Note though that the
spin σ remains in a sense gauge dependent (SSC depen-
dent), as argued at the end of this section.
For the comparison we have chosen relatively large val-
ues of the Kerr parameter, aˆ = ±0.9, in order to make the
impact on the position of the ISCO prominent. To argue
quantitatively, we also compute the relative differences
∆xISCO = (x
SSC
ISCO − xTISCO)/xTISCO (14)
of the ISCO frequency parameter of a SSC with respect
to the ISCO frequency parameter of the T SSC.
Both Figs. 1, 2 show how the three SSCs converge to
the same ISCO frequency as the geodesic limit σ → 0
is approached. Actually, the bottom panel of Fig. 1
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FIG. 2. Top panel: The ISCO frequency parameter xISCO as
a function of the particle’s spin σ for the Kerr spin parameter
aˆ = −0.9. Bottom panel: Relative differences ∆xISCO of the
ISCO’s frequency parameter with respect to the one of the T
SSC. For the OKS SSC (short dashes) the ISCO computations
fail for spins σ > 0.721.
shows that for aˆ = 0.9, the relative differences are
∆xISCO < 0.5% in the range |σ| < 0.2 for both the
P and the OKS SSC, while the bottom panel of Fig. 2
shows that for aˆ = −0.9, the relative differences are be-
low ∆xISCO < 0.5% for all spins up to σ < 0.4. For
aˆ = 0.9 Fig. 1 illustrates how drastically the SSCs di-
verge as large values of |σ| are reached. For the P SSC
(long dashes) our numerical procedures could only find
ISCOs in the spin range −0.68 < σ < 0.62, while for
the OKS SSC (short dashes) the ISCO computations fail
for spins σ > 0.25. The abrupt changes in the inclina-
tions of the P and OKS SSC curves indicate that either
there are no ISCOs outside the stated ranges of σ, or that
we reach a cusp after which our computational approach
fails to find ISCOs. This failure was also present for the
Schwarzschild case, see discussion Sec. IV B in Paper I.
On the other hand, for aˆ = −0.9 all the discrepancies are
mild as long as σ < 0.4 (Fig. 2) and only for the OKS
SSC (short dashes) there appears to be no ISCO when
σ > 0.721. It is worthy mentioning that only for the T
SSC we could find ISCOs for all the range of σ.
5TABLE II. Frequency parameter xISCO at the ISCO of a spin-
ning particle on a Kerr background with aˆ = −0.9 computed
for different SSCs. Entries with backslash / mean that the
ISCO values for these configurations could not be found, see
text.
σ xTISCO x
P
ISCO x
OKS
ISCO
0.90 0.145882 0.146490 /
0.70 0.136267 0.136373 0.142137
0.50 0.129279 0.129295 0.129963
0.30 0.123831 0.123833 0.123916
0.10 0.119400 0.119400 0.119402
−0.10 0.115690 0.115690 0.115689
−0.30 0.112519 0.112519 0.112488
−0.50 0.109765 0.109768 0.109654
−0.70 0.107344 0.107355 0.107099
−0.90 0.105195 0.105221 0.104767
One could take the view that the discrepancies we see
in Figs. 1, 2 come from the fact that the different dynam-
ics are not describing the same physical body, since the
transformation laws for translating from one centroid to
another centroid [5, 10] have not been applied. However,
one should keep in mind that if these transformation laws
were applied then from a circular orbit we would likely
obtain a non-circular orbit, since not only the spin σ
would change but also the position of the centroid. Thus,
if for one centroid the worldline is on the ISCO, for the
other centroid it is not. In order to understand what
is going on, one has to recall that we are trying to de-
scribe an extended body in its pole-dipole approximation,
i.e. only by its mass and spin. In general, however, an
extended body has an infinite number of multipoles that
are consciously neglected in our approach. Since even
the quadrupole terms are neglected, the body is implic-
itly assumed to be free of tidal deformations. Thus, two
points of the same physical body lying at different radial
distances cannot even tidally react to the gradients of the
gravitational field. This is the reason why the SSCs can
be interpreted as a gauge transformation for the pole-
dipole approximation in a flat spacetime, but in a curved
spacetime, if one starts from two centroids describing the
same physical body, after a while the worldlines can get
outside the body’s worldtube [5, 10]. In a few words, the
discrepancies between the SSCs in a curved spacetime
result from the fact that we try to describe an extended
body by its two first multipoles.
IV. ASYMPTOTIC GRAVITATIONAL WAVE
FLUXES
Let us now analyze the differences implicated by dif-
ferent SSCs from another perspective, namely by com-
paring the fluxes of energy that are emitted to infinity in
the form of gravitational waves as the spinning-particle
moves along the CEOs.
The waves have been calculated by feeding the dy-
namical quantities of Tabs. III-VI to the Teukode. This
code solves the Teukolsky equation (TE) [19, 20] for a
given particle perturbation of the Kerr spacetime in the
time-domain, using a (2+1)D form and hyperboloidal
slices [21–25]. More details on the numerical methods
employed in the Teukode can be found in [26–29], as well
as comparisons against independent literature results
[30–36]. The particular numerical setup, including res-
olution and convergence rates, that was used for the ex-
periments of this work is described in Sec.V A of Paper I.
We only recall that we estimate our flux results to have a
relative numerical accuracy of 0.2%. We have considered
CEOs at BL-radii in the set rˆ ∈ {4, 5, 6, 8, 10, 12, 20, 30}
and for four particle spins σ = ±0.5,±0.9.
It is convenient to decompose the GW fluxes in terms
of a spin-weighted spherical harmonic basis
F =
∞∑
m=1
Fm =
∞∑
`=2
m=∑`
m=1
F`m ,
where Fm and F`m are defined to contain both the m
and −m contributions (both are equivalent for GWs from
a particle on a CEO). Our waveform algorithm directly
provides the fluxes Fm with all `-contributions included.
Following standard practice in the discussion of fluxes,
we normalize them according to
Fˆm =

Fm
FLO2m
m = 1 ,
Fm
FLOmm
otherwise ,
(15)
using the leading-order (LO) flux FLO`m (x) given by the
quadrupole formula as a normalization factor. Thus the
fluxes should approach 1 as r →∞ or x→ 0.
We have computed the fluxes for the three dominant
multipoles m = 1, 2, 3, having in mind to provide a rea-
sonable approximation of the full flux. The results for
Fˆm≤3 are plotted as functions of the frequency param-
eter x for each SSC in Fig. 3. To back a quantitative
comparison, the corresponding relative differences of the
P and OKS SSC fluxes with respect to the T SSC flux
are shown in Fig. 4. The data used for the plots is given
in Tab. VII.
The main observation conveyed in Fig. 3 is that the dis-
crepancies in the fluxes between the three SSCs are small
over the whole considered parameter range and tend to
vanish at large orbital distances, i.e. at small frequencies
x→ 0. This was the central conclusion made in Paper I
for the Schwarzschild case and we can now prove that
it holds for the Kerr case as well. While the panels in
Fig. 3 only visually indicate a remarkable agreement of
all fluxes, the relative differences shown in the panels in
Fig. 4 prove that at small x the different SSCs in fact re-
sult in equivalent test-particle descriptions with respect
to the gravitational fluxes, at least within our numerical
accuracy limits of 0.2% (horizontal gray line). The dif-
ferences remain below this limit even up to radii as small
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FIG. 3. Comparison of the GW energy flux, approximated by the sum of the m = 1, 2, 3 modes, containing all ` contributions,
over the frequency parameter x. We compare the fluxes of three different SSCs from the circular dynamics of a particle with
spins σ = 0,±0.5,±0.9 around a Kerr black hole with spin aˆ = 0.9 (left panel) and spin aˆ = −0.9 (right panel). The different
cases in the plots are illustrated as follows: blue dashed lines with pluses for the T SSC, green crosses for the P SSC, red circles
for the OKS SSC, and the solid black line with circles for the nonspinning particle limit. The fluxes at the ISCOs are connected
along the different spins σ for the T case (thick cyan, not in plotted range on left panel).
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FIG. 4. Relative differences in the full GW flux, approximated as the sum over the m = 1, 2, 3 modes, using the P SSC (green,
dotted), and the OKS SSC (red, dash-dotted) with respect to the T SSC reference case. The left panel presents the aˆ = 0.9
case, while the right the aˆ = −0.9 case. We consider the two dimensionless particle spins σ = −0.9 (downward triangles) and
σ = 0.9 (upward triangles). The gray horizontal lines at 0.2% mark our estimated relative numerical accuracy.
as r & 8M for aˆ = 0.9 and r & 10M for aˆ = −0.9. In
fact, looking closer at the left panel of Fig. 4, the dis-
crepancies between the T and the P SSC (green dotted
lines) are below the estimated numerical accuracy over
the whole range of the frequency parameter for aˆ = 0.9.
The discrepancies between the T and the OKS SSC grow
beyond the numerical accuracy threshold for x > 0.14.
On the other hand, the right panel of Fig. 4 shows that
for aˆ = −0.9 this threshold is reached already at x ≈ 0.1
for the relative differences between the T and the OKS
SSC (red dash-dotted), and at x ≈ 0.14 for the relative
differences between the T and the P SSC (green dotted).
Overall, we conclude that the T and the P SSC are al-
most indistinguishable for most of the considered cases.
As expected, the differences grow as the central object
is approached. We note that at a given frequency these
discrepancies are smaller for the aˆ = 0.9 case than for
the aˆ = −0.9 case. These observations are compliant
with our analysis of the orbital parameters as discussed
earlier (Tabs. III-VI).
V. CONCLUSIONS
In this article circular equatorial orbits of a spinning
test-body on a Kerr background have been studied nu-
7merically and their asymptotic gravitational wave fluxes
have been computed for three SSCs, i.e. i) MP with the T
SSC, ii) MP with the P SSC, iii) MP with the OKS SSC.
For the P SSC and the OKS SSC this is the first time
that CEOs and ISCOs, as well as gravitational fluxes,
have been calculated on a Kerr background.
Summarizing our analyses in just one sentence, we have
found that the influence of the SSC on the orbital dy-
namics as well as the fluxes is negligible for small orbital
frequency parameters, i.e. for large orbital distances. Sig-
nificant discrepancies arise when the orbital frequencies
are big. Thus, the central conclusion made in Paper I
for the Schwarzschild background is proved true for the
Kerr background. Moreover, at a given frequency these
discrepancies for CEO parameters and fluxes tend to
be milder for positive Kerr parameters than for nega-
tive Kerr parameters. Contrarily, when looking at ISCO
shifts, the picture is inversed, i.e. for aˆ = −0.9 the dis-
crepancies between the different descriptions are gener-
ally smaller than for aˆ = +0.9. We assume that this
behavior can be explained by the fact that ISCOs for
aˆ = +0.9 lie at smaller radial distances (r < 3.5) than
for aˆ = −0.9 (r > 6), i.e. ISCOs for aˆ = +0.9 lie in a
gravitationally stronger regime than for aˆ = −0.9.
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Appendix A: Formula corrections for CEOs under
OKS SSC
In Sec. II.B.3 of [18] eq. (49) and the formula between
eqs. (49)–(50) hold only for the Kerr spacetime, for a
SAR spacetime on the equatorial plane (θ = pi/2) they
should read
dSθ
dλ
+
Sθvr
2gθθ
∂gθθ
∂r
= 0 ,
dV θ
dλ
+
V θvr
2gθθ
∂gθθ
∂r
= 0 ,
respectively.
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TABLE V. Comparison of the dynamical quantities Ω and vt for circular, equatorial orbits of a spinning particle around a
Kerr BH with aˆ = −0.9. See caption of Tab III for details.
aˆ = −0.9
rˆ σ MΩT MΩP MΩOKS v
t
T v
t
P v
t
OKS
5.00 -0.90 0.11771 0.12235 0.10993 2.55529 2.87875 2.20837
-0.50 0.10798 0.10824 0.10526 2.14402 2.15238 2.06446
0.50 0.08802 0.08791 / 1.72996 1.72841 /
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0.50 0.04400 0.04400 0.04379 1.28638 1.28635 1.28500
0.90 0.04249 0.04247 0.04175 1.27669 1.27656 1.27216
10.00 -0.90 0.03447 0.03448 0.03429 1.22388 1.22392 1.22264
-0.50 0.03360 0.03360 0.03354 1.21812 1.21812 1.21774
0.50 0.03155 0.03155 0.03149 1.20551 1.20551 1.20514
0.90 0.03079 0.03079 0.03058 1.20111 1.20108 1.19989
12.00 -0.90 0.02565 0.02565 0.02558 1.17021 1.17022 1.16974
-0.50 0.02517 0.02517 0.02515 1.16726 1.16726 1.16711
0.50 0.02403 0.02403 0.02400 1.16056 1.16056 1.16042
0.90 0.02360 0.02359 0.02351 1.15814 1.15813 1.15767
15.00 -0.90 0.01801 0.01801 0.01798 1.12573 1.12573 1.12557
-0.50 0.01777 0.01777 0.01776 1.12434 1.12434 1.12429
0.50 0.01721 0.01721 0.01720 1.12108 1.12108 1.12103
0.90 0.01699 0.01699 0.01696 1.11986 1.11986 1.11971
20.00 -0.90 0.01150 0.01150 0.01145 1.08794 1.08794 1.08790
-0.50 0.01141 0.01141 0.01141 1.08737 1.08737 1.08736
0.50 0.01118 0.01118 0.01118 1.08601 1.08601 1.08600
0.90 0.01109 0.01109 0.01108 1.08546 1.08546 1.08545
30.00 -0.90 0.00618 0.00618 0.00618 1.05515 1.05515 1.05514
-0.50 0.00615 0.00615 0.00615 1.05497 1.05497 1.05497
0.50 0.00609 0.00609 0.00609 1.05455 1.05455 1.05454
0.90 0.00606 0.00606 0.00606 1.05438 1.05438 1.05437
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TABLE VI. Comparison of the dynamical quantities pt and pˆφ for circular, equatorial orbits of a spinning particle around a
Kerr BH with aˆ = −0.9. See caption of Tab III for details.
aˆ = −0.9
rˆ σ ptT p
t
P p
t
OKS pˆ
φ
T pˆ
φ
P pˆ
φ
OKS
5.00 -0.90 2.38518 2.48830 2.20837 0.27281 0.29121 0.24276
-0.50 2.11446 2.11928 2.06446 0.22628 0.22716 0.21731
0.50 1.71885 1.71752 / 0.14989 0.14961 /
0.90 1.62324 1.61784 / 0.12840 0.12721 /
6.00 -0.90 1.64602 1.64816 1.62679 0.13474 0.13519 0.13101
-0.50 1.58977 1.59006 1.58355 0.12365 0.12372 0.12239
0.50 1.47471 1.47452 1.46661 0.09886 0.09882 0.09697
0.90 1.43797 1.43705 / 0.09007 0.08986 /
8.00 -0.90 1.32813 1.32823 1.32612 0.06603 0.06606 0.06560
-0.50 1.31538 1.31540 1.31472 0.06327 0.06327 0.06312
0.50 1.28579 1.28578 1.28500 0.05646 0.05646 0.05627
0.90 1.27496 1.27488 1.27216 0.05381 0.05379 0.05311
10.00 -0.90 1.22315 1.22316 1.22264 0.04203 0.04203 0.04192
-0.50 1.21790 1.21791 1.21774 0.04088 0.04088 0.04084
0.50 1.20533 1.20532 1.20514 0.03799 0.03799 0.03795
0.90 1.20054 1.20052 1.19989 0.03685 0.03685 0.03669
12.00 -0.90 1.16992 1.16993 1.16974 0.02996 0.02996 0.02992
-0.50 1.16717 1.16718 1.16711 0.02936 0.02936 0.02935
0.50 1.16049 1.16049 1.16042 0.02787 0.02787 0.02785
0.90 1.15790 1.15789 1.15767 0.02727 0.02727 0.02722
15.00 -0.90 1.12563 1.12563 1.12557 0.02025 0.02025 0.02024
-0.50 1.12431 1.12431 1.12429 0.01997 0.01997 0.01997
0.50 1.12105 1.12105 1.12103 0.01928 0.01928 0.01928
0.90 1.11978 1.11978 1.11971 0.01901 0.01901 0.01899
20.00 -0.90 1.08791 1.08791 1.08790 0.01251 0.01251 0.01251
-0.50 1.08736 1.08736 1.08736 0.01240 0.01240 0.01240
0.50 1.08600 1.08600 1.08600 0.01214 0.01214 0.01214
0.90 1.08546 1.08546 1.08545 0.01203 0.01203 0.01203
30.00 -0.90 1.05514 1.05514 1.05514 0.00652 0.00652 0.00652
-0.50 1.05497 1.05497 1.05497 0.00649 0.00649 0.00649
0.50 1.05454 1.05454 1.05454 0.00642 0.00642 0.00642
0.90 1.05437 1.05437 1.05437 0.00639 0.00639 0.00639
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TABLE VII. Comparison of the full energy fluxes, approximated as the sum over the m = 1, 2, 3 modes containing all `-
contributions, produced by a spinning particle in circular motion around a spinning black-hole with aˆ = −0.9 (left table) and
aˆ = +0.9 (right table). The values for the energy fluxes have to be understood as normalized by the leading order Newtonian
flux. The table compares the fluxes at several Boyer-Lindquist radii r, for the four particle spins σ = ±0.9± 0.5, and for three
different circular dynamics: i) MP with the T SSC, ii) MP with the P SSC, iii) MP with the OKS SSC. We use the Tulczyjew
case as the reference when computing the respective differences shown in the ∆[%] columns. In case the relative differences fall
below the level of 0.001% we do just write < 0.001% to avoid citing more digits. If a certain combination was not simulated we
write a backslash /. The T SSC results for r = 30M were obtained at higher resolutions than all the other cases, see discussion
in Sec.VA of Paper I, which is why the relative differences are not consistent and thus shown in brackets. The main observation
is that the relative differences between the respective fluxes vanish as the orbital distance grows. At r = 20M the energy fluxes
from all dynamics agree in all measured cases up to . 0.01% or better.
aˆ = −0.90
rˆ σ FˆTm≤3 Fˆ
P
m≤3 ∆[%] Fˆ
OKS
m≤3 ∆[%]
4.00 -0.90 / / / / /
-0.50 / / / / /
0.50 / / / / /
0.90 / / / / /
5.00 -0.90 6.478 7.059 8.968 5.467 15.614
-0.50 4.661 4.690 0.615 4.372 6.208
0.50 2.107 2.100 0.335 / /
0.90 1.558 1.531 1.704 / /
6.00 -0.90 2.569 2.577 0.297 2.501 2.674
-0.50 2.215 2.217 0.056 2.190 1.151
0.50 1.484 1.483 0.061 1.441 2.878
0.90 1.256 1.251 0.361 / /
8.00 -0.90 1.463 1.463 0.011 1.460 0.230
-0.50 1.368 1.368 0.003 1.367 0.128
0.50 1.142 1.142 0.006 1.139 0.333
0.90 1.058 1.058 0.039 1.043 1.491
10.00 -0.90 1.206 1.206 < 0.001 1.205 0.032
-0.50 1.158 1.158 < 0.001 1.158 0.026
0.50 1.040 / / 1.039 0.080
0.90 0.994 0.994 0.008 0.991 0.351
12.00 -0.90 1.102 1.102 < 0.001 1.102 0.001
-0.50 1.072 1.072 < 0.001 1.072 0.007
0.50 0.997 0.997 < 0.001 0.997 0.028
0.90 0.967 0.967 0.001 0.966 0.117
15.00 -0.90 1.033 1.033 < 0.001 1.033 0.002
-0.50 1.015 1.015 < 0.001 1.015 < 0.001
0.50 0.969 0.969 < 0.001 0.969 0.007
0.90 0.951 0.951 0.003 0.951 0.035
20.00 -0.90 0.991 0.991 0.004 0.991 0.008
-0.50 0.980 0.980 0.005 0.980 0.007
0.50 0.955 0.955 0.005 0.955 0.003
0.90 0.944 0.944 0.005 0.944 0.010
30.00 -0.90 0.971 0.970 (0.051) 0.970 (0.051)
-0.50 0.966 0.965 (0.070) 0.965 (0.068)
0.50 0.954 0.953 (0.059) 0.953 (0.066)
0.90 0.949 0.949 (0.047) 0.948 (0.081)
aˆ = 0.90
rˆ σ FˆTm≤3 Fˆ
P
m≤3 ∆[%] Fˆ
OKS
m≤3 ∆[%]
4.00 -0.90 0.772 / / 0.786 1.755
-0.50 0.766 / / / /
0.50 0.743 / / / /
0.90 0.736 / / 0.723 1.683
5.00 -0.90 / 0.801 / 0.807 /
-0.50 / 0.794 / 0.795 /
0.50 / 0.772 / 0.772 /
0.90 / 0.764 / 0.760 /
6.00 -0.90 0.820 0.820 0.034 0.823 0.344
-0.50 0.813 0.812 0.003 0.813 0.075
0.50 0.793 0.793 < 0.001 0.793 0.020
0.90 0.786 0.786 0.008 0.784 0.223
8.00 -0.90 0.845 0.845 0.006 0.846 0.112
-0.50 0.838 0.838 < 0.001 0.839 0.025
0.50 0.823 0.823 < 0.001 0.823 0.003
0.90 0.817 0.817 0.002 0.816 0.052
10.00 -0.90 0.862 0.862 0.002 0.862 0.047
-0.50 0.857 0.857 < 0.001 0.857 0.011
0.50 0.844 0.844 < 0.001 0.844 < 0.001
0.90 0.839 0.839 < 0.001 0.839 0.015
12.00 -0.90 0.875 0.875 < 0.001 0.875 0.025
-0.50 0.871 0.871 < 0.001 0.871 0.006
0.50 0.860 0.860 < 0.001 0.860 < 0.001
0.90 0.855 0.855 < 0.001 0.855 0.005
15.00 -0.90 0.890 0.890 < 0.001 0.890 0.010
-0.50 0.886 0.886 < 0.001 0.886 0.002
0.50 0.878 0.878 0.001 0.878 < 0.001
0.90 0.874 0.874 0.001 0.874 < 0.001
20.00 -0.90 0.908 0.908 < 0.001 0.908 0.004
-0.50 0.905 0.905 < 0.001 0.905 0.002
0.50 0.899 0.899 0.003 0.899 0.003
0.90 0.896 0.896 0.003 0.896 0.001
30.00 -0.90 0.931 0.930 (0.064) 0.930 (0.079)
-0.50 0.929 0.928 (0.060) 0.928 (0.054)
0.50 0.925 0.924 (0.067) 0.924 (0.086)
0.90 0.923 0.923 (0.078) 0.923 (0.067)
